We employ a stochastic approach to probing the origin of the log-normal distributions of halo spin in N-body simulations. After analyzing spin evolution in halo merging trees, it was found that a spin change can be characterized by a stochastic random walk of angular momentum. Also, spin distributions generated by random walks are fairly consistent with those directly obtained from Nbody simulations. We derived a stochastic differential equation from a widely used spin definition and measured the probability distributions of the derived angular momentum change from a massive set of halo merging trees. The roles of major merging and accretion are also statistically analyzed in evolving spin distributions. Several factors (local environment, halo mass, merging mass ratio, and redshift) are found to influence the angular momentum change. The spin distributions generated in the mean-field or void regions tend to shift slightly to a higher spin value compared with simulated spin distributions, which seems to be caused by the correlated random walks. We verified the assumption of randomness in the angular momentum change observed in the N-body simulation and detected several degrees of correlation between walks, which may provide a clue for the discrepancies between the simulated and generated spin distributions in the voids. However, the generated spin distributions in the group and cluster regions successfully match the simulated spin distribution. We also demonstrated that the log-normality of the spin distribution is a natural consequence of the stochastic differential equation of the halo spin, which is well described by the Geometric Brownian Motion model. Subject headings: cosmology: theory -halo spin -large-scale structure of universe -methods: numerical -methods: statistical -random walk
INTRODUCTION
Primordial angular momentum is believed to decay with the expansion of the universe and the observed rotations of galaxies and clusters are believed to originate from tidal interactions with local environments (the tidal torque theory) or the acquisition of orbital angular momentum from infalling matter (the merging theory). In the tidal torque theory (Hoyle 1949; Peebles 1969; Lee & Pen 2001; Prociani et al. 2002; Lee & Erdogdu 2007) , a collapsing cloud at the turnaround epoch may obtain a tidal torque due to the misalignment between the local tidal shear and structural inertia tensor. Consequently, the spin directions of halos may provide information on the nearby mass distribution (Aragon-Calvo & Yang 2014; Zhang et al. 2009; Trowland et al. 2013) , although some studies (Lee & Erdogdu 2007; Varela et al. 2012) have reported inconclusive or opposing results from observations. On the other hand, the merging theory (Gardner 2001; Vitvitska et al. 2002; Maller et al. 2002) focuses on the change in angular momentum in hierarchical clusterings through the off-center infall of nearby objects/matter to drive the sudden change in halo spin (Bett & Frenk 2012) . However, D'Onghia & Navarro (2007) argued that simulated halos do not show any obvious correlation between spin and merger history.
Each theory views the same object from different angles. A dark matter halo is not static but dynamically evolves through the sometimes violent, sometimes quiet ingestion of nearby matter. According to hierarchical clustering (Cole & lacey 1996; ), large halos grow in mass by assimilating nearby smaller halos. However, a small satellite halo tends to have a spiral infall motion with a finite orbital angular momentum around the central halo, which, after merging, causes a net change in rotational angular momentum of the merging remnants. This non-radial infall motion of satellites may be derived from the tidal torque of anisotropic matter distributions around the central halo. However, the acquisition of satellite orbital angular momentum described in the merging theory is analogous to that of a mass shell in the tidal torque theory because they are based on the same ground: the tidal torque generated by local environments. The only difference is whether they consider the infalling source to be a satellite or a mass shell. By extending the original tidal torque theory of a spherical collapse to the multiple-shell collapses at different epochs, the tension between the two theories may be relaxed.
The distributions of halo spin have been reported to be well fitted by the log-normal function (Gardner 2001; Bailin & Steinmetz 2005; Bullock et al. 2001; Muñoz-Cuartas et al. 2011) , with small deviations depending on the definition of the halo samples (Bett et al. 2007 ; Knebe & Power 2008; Antonuccio-Delogu et al. 2010) . Researchers have found that massive cluster halos
are not yet relaxed from recent mergers and are responsible for the over-population of the high-λ tail compared to the log-normal distribution (Bett et al. 2007; Hahn et al. 2007) . Antonuccio-Delogu et al. (2010) explored the origin of the log-normality of spin distributions based on the stochastic variables of halo angular momentum (J ), total energy (E), and mass (M ). Theirs was the first attempt of its kind to address this issue. They introduced stochasticity between the two terms |J|/M 5/2 and E and argued that deviations from the log-normal functional form are mainly due to correlations between the two terms. However, they did not provide a physical or probable reason for the stochasticity between the two terms.
In the present study, we analyze the origin of the halo spin distribution. Using simulated mass histories of individual halos and the stochastic differential equation of the angular momentum change, we model the spin evolution using the stochastic model, distinguishing between the roles of major merging and accretion in shaping the spin distributions in various situations (Hetznecker & Burkert 2006; Antonuccio-Delogu et al. 2002; Gardner 2001; Lemson & Kauffmann 1999 ).
This paper is organized as follows. In section 2, we describe the stochastic for spin evolution. Then, in section 3, we describe the simulation data, merging trees, and local environments of a halo. From the simulated merging history, we measure distributions of angular momentum change with respect to halo mass, spin, local environments, infall mass ratio, and redshift in section 4. In section 5, using the simulated mass histories of individual halos, we randomly generate spin changes and compare the spin distributions of the stochastic model and N -body simulations. In section 6, we verify how a random-walk process produces the log-normal distribution of the halo spin. We summarize the results of our study in section 7
All of the logarithms used in the equations and figures in this study are base 10. Peebles (1969) first proposed a dimensionless parameter to quantify the rotation of a cosmic object or halo as
ANALYTIC DESCRIPTIONS

Definition of Spins
where λ is the spin, E is the total energy, M is the virial mass, and J is the rotational angular momentum of a halo. However, measuring halo potential is practically bothersome, and the potential of an open system is sometimes ill-defined. Therefore, another definition was proposed by Bullock et al. (2001) , which reads as
where R is the virial radius, and V is the virial circular velocity. The virial radius can be derived from the definition of virial mass as
where ρ c is the critical density at redshift z, ∆ vir ≃ (18π 2 + 82x − 39x 2 ), and x ≡ Ω(z) − 1 for a flat universe (Bryan & Norman 1998) . These widely used spin parameters are equivalent to λ in the case of an idealized halo; halos are fully virialized and their density profiles follow the isothermal model. However, simulated halos may show a significant discrepancy between λ and λ ′ 0 because most are not fully virialzed and their radial profiles do not follow the isothermal model.
The gravitational potential of a halo should be measured using the same finite softening length (ǫ) as adopted in N -body simulations because the chosen potential estimation strongly depends on the potential model: the Newtonian (1/r) or Plummer (1/ √ ǫ 2 + r 2 ) model.
The difference increases at higher redshift (Ahn et al. 2014) . To comply with the simulated potential, we measure the halo potential using
where ǫ = 36 h −1 kpc. Therefore, great care must to be taken when interpreting the halo spin value.
In this study, we adopt a new spin parameter λ ′ (Ahn et al. 2014) ,
which is introduced to correct for all possible systematics (see Ahn et al. 2014) . We call f (z) a correcting factor. Hereafter, whenever we refer to a halo spin, we mean the corrected spin and use λ to denote it. Of course, one may return to λ ′ 0 simply by dividing the spin value by f (z).
Stochastic Model: Random Walk of Halo Spin
From equation (2), we derive a stochastic differential equation of spin change as
where
Here, α(z) is a cosmological effect depending on the redshift and model parameters. However, its contribution is relatively trivial compared with the constant factor of −5/3 in equation (7) unless |d log 10 M | 10 −2 . This implies that the background history of the universe does not much affect the evolution of the spin parameter (Lemson & Kauffmann 1999; Cervantes-Sodi et al. 2008 ).
This differential equation was derived to model the spin change as a function of the mass event (mass-merging or mass-loss event) accompanying a change in angular momentum amplitude |J |. Here, we introduce a Markov chain process of spin evolution as
where D c ≡ 5/3 − α(z) and the angular momentum change rate is defined as
Since α(z) is relatively small, we will not explicitly mention it, even though we include this contribution in the Throughout this stochastic approach, our primary assumption is that a spin change, ∆ log 10 λ, does not depend on the past history of a halo but can be completely described by the current physical status of the halo; the spin change is determined by the stochastic probability of angular momentum change, P (D), which will later be shown to be a function of M , λ, ∆ log 10 M , z, and local environments. Later, we will prove that if P (D) is a Gaussian distribution, then the resulting spin distribution follows the log-normal shape. In the stochastic equation, there is one independent variable, ∆ log 10 M , which should be determined outside of the model. The halo mass history could be provided by N -body simulations or by an extended Press & Schechter (EPS) formalism. However, in this analysis, we limit our study to the simulated mass histories. Hereafter, we define a major merger event and an accretion (or minor-merger) event as mass changes of ∆ log 10 M ≥ 0.1 and 0 < ∆ log 10 M < 0.1, respectively.
3. DATA
Simulations
We run a series of cosmological N -body simulations with 2048 3 particles using the GOTPM code (Dubinski et al. 2004 ). Four of the simulations are basically identical but were run with different sets of initial conditions. The simulations have a cubic simulation volume with a side length of L box = 737.28 h −1 Mpc. The cosmological model adopted in the simulations is a WMAP 5-year cosmology. The fractions of matter, baryonic matter, and dark energy are 0.26, 0.044, and 0.74, respectively. The initial power spectrum is obtained from the CAMB Source package 1 . Table 1 summarizes several characteristics of the simulations used in this paper.
We applied the Friend-of-Friend (FoF) method to identify groups of particles with a percolation linking length, l FoF , which is usually (also in this paper) set to be 0.2 times the mean particle separation. This ensures that the identified halos to have a mean over-density of 180, satisfying the cosmic virialization conditions in the spherical top-hat collapse model. The minimum mass of a halo identified with 30 member particles is about 10 11 h −1 M ⊙ . Data on the member particles of each halo are stored at 44 redshifts during the simulation run. Table 2 contains some basic information on the merging data extracted from these N -body simulations, including the simulation step number (first column), redshift (second), time between merging steps (third), number of halos (fourth), number of seed halos (fifth), and mean halo number density (last). Here, seed halos are introduced to define a 1 http://camb.info/sources local density which will be described in detail in section 3.3.
3.2. Main Merging Tree To build halo merging trees, we used information for member particles of each FoF halo. If a "majority" of member particles of a halo are also members of a halo at the previous time step, then we link them with a mainrmerging tree line. We call the former halo an "ancestor" and the latter a "major descendent." If a halo has no major descendent, then we terminate the line. The chains of these merging lines consist of a merging tree with which we are able to trace the histories of halo angular momentum, mass, and other physical quantities. One should note that the main merger tree is a trimmed version of the merging tree widely quoted in other studies.
Note that, on average, about 25% of halos experience a mass loss in a time step of this study, which means that 
its major descendent (or successor) becomes less massive. This happens when a halo undergoes a violent merging process and is broken into multiple less-massive remnants or when a halo passes another and is stripped of some member particles.
Spin Evolution of Simulated Halos
Now, let us look at the spin evolution of simulated halos and their main-merging trees. In Figure 1 , we show several typical examples selected from the simulations. There are several significant spin decreases to less than λ = 0.01 or increases to greater than 0.07, but halo spins immediately bounce back to settle over the range of 0.01 λ 0.07. Here, we suppose that spin change is random, but there is a hidden mechanism that regulates the spin value to lie in a certain range.
A sudden massive merger event may cause a halo to rotate quickly, resulting in a substantial loss of angular momentum due to the ejection of high-angular momentum material through violent relaxation. A smaller halo may pass a nearby larger halo (being attached when they encounter but separated afterward), after which point the larger halo experiences a sudden increase and decrease in spin value. Of course, during the encounter, there could be an exchange of finite angular momentum and the host may not fully recover its original angular momentum. As stated before, several events of mass loss events due to the separation of satellites can be seen in Figure 1 (a line segment moving to the left).
Local Environment
We define a local density measured from 10 nearest neighbor halos as a halo environment. The halos tracing the local density, called "background halos", are all halos with mass greater than M s = 10 12 h −1 M ⊙ (equal to the sum of 300 particle masses) at z < 7. However, at higher redshifts (z > 7), the number of massive halos is much lower and, therefore, we reduce the mass limit to M s = 2 × 10 11 h −1 M ⊙ at 7 ≤ z < 9 and even further to
The variable-width spline kernel is adopted to adaptively resolve high-density regions as
where r ij is the distance from the ith halo to the jth background halo, and h i is the distance to the tenth nearest neighbor. The density measure was first used with 20 neighbors in Park et al. (2007) . The kernel size varying with environments helps dense regions not to be oversmoothed.
The spline kernel has the form
where x ≡ r/h. The median radius of the kernel is h = 7.5 h − 1Mpc. The local environment is parameterized by
whereρ is the mean density of the background halos, which is measured to be 3.54 × 10
If a region has a density of ∆ρ 10 < 0.7, then we refer to it as an under-dense or void region. Regions 0.7 ≤ ∆ρ 10 < 2, 2 ≤ ∆ρ 10 < 10, 10 ≤ ∆ρ 10 < 100, and ∆ρ 10 > 100 are referred to as mean-field, group, cluster, and highly clustered regions, respectively.
PROBABILITY DISTRIBUTION OF ANGULAR MOMENTUM CHANGE, P (D)
General Descriptions of P (D)
We measured the distribution of angular momentum changes, P (D), as a function of M , λ, ∆ log 10 M , z, and ∆ρ 10 . First, we divided all of the merging events into five-dimensional subsamples stretching over the entire parameter space, and measured the distribution of D in each subsample. The D was derived by estimating the changes in mass and the angular momentum (Eq. 10). Between merging steps (t 1 and t 2 ), the log mass change would be log 10 M 2 − log 10 M 1 and the angular momentum change in the log scale is obtained as log 10 |J 2 | − log 10 |J 1 |, where subscripts 1 and 2 indicate the time step. Then, we fit the distribution with a bimodal Gaussian function as
where µ is the Gaussian mean, and σ is the standard deviation. The overall mean (µ D ) and standard deviation (σ D ) are obtained as
where 
The table lists the upper bound of the parameter range except the redshift where we instead write the lower bound. Then, a parameter range is p i−1 ≤ P < p i , where P is a parameter, and p i is a value written in the ith row. For p 0 , the lowest possible value is assumed. Figure 2 shows an example of the probability distribution of angular momentum change in a void sample (∆ρ 10 < 0.7) with parameter ranges 0.03 ≤ λ < 0.035, 0.01 ≤ ∆ log 10 M < 0.015, and 1 ≤ M 12 < 2, where
. A fitting to the bimodal Gaussian is shown by a solid line. The star symbol with a solid error bar in the middle of the plot represents the mean with 1-σ standard deviation, while the lower two error bars (dotted and dashed) mark those of each Gaussian component. Also, we overplot the single Gaussian fit (long dashed curve), which shows a poorer fit to the fat tails on both sides (more easily seen in the upper panel). Spin distributions generated based on the single Gaussian fitting function show large deviations from simulated distributions, while the bimodal Gaussian has a better result in describing simulated spin distribution at most redshifts.
There are several points to note in this plot. First, the distribution around a peak is well described by a single major Gaussian, while the fat tails on both sides require an additional minor broad Gaussian. Second, the peak positions of the Gaussian components are not well separated from each other, implying that the combined distribution is somewhat symmetric. Most subsamples show this kind of distribution, although several show significant deviations from a symmetrical shape. Such asymmetric distributions of D may play a crucial role in distorted cluster spin distributions from a log-normal form, which will be discussed in subsequent sections.
Comparison of P (D) among Halo Subsamples
In Figure 3 , we show the redshift dependence of P (D) in halo subsamples for a small mass infall ratio (0.01 ≤ ∆ log 10 M < 0.015) and an average spin value (0.038 ≤ λ < 0.04) in the mean field (0.7 ≤ ∆ρ 10 < 2). As the redshift approaches zero, the standard deviation of the distribution becomes narrower and the mean value becomes larger. From this behavior, we understand that the infall direction is more likely to be random at higher redshift because µ D ≃ 0 (see the distribution color-coded in blue at redshift between z = 3 and 4). At a lower redshift, angular momentum changes tend to be larger, suggesting that the orbital angular momentum of infalling matter tends to be a bit more aligned with (or positively biased to) the halo rotational axis (also see Appendix B). If D ≃ D c (vertical dotted line), then we expect that there would be no substantial change in the spin value. Figure 4 shows a similar plot, but this time with slowly rotating halo samples in the accretion mode. All distributions have µ D > D c indicating that low-spin (or slow-rotating) halos are highly likely to increase in spin value. The distribution spread is larger than in the mildrotating samples (see Fig. 3 ), implying that the spin change is larger for slow-rotating halos. This is because incoming orbital angular momentum may overwhelm the previous small rotational angular momentum.
Next, we investigate the effect of environment on D. Figure 5 shows that halos in cluster environments experience stronger angular momentum changes inferred from larger tails (or higher probability of large-D changes). This means that the angular momentum changes are statistically greater than those in lower-density regions, or that biased (or systematic) accretion or high-velocity mass infall is more frequent in cluster regions. Also, one should note that each Gaussian component has a similar peak position in most of the fittings. However, when we select a sample of higher local density, the centers of two Gaussian components begin to separate from each other. This effect on spin distribution will be described in detail in section 4.3 and 5.3. Figure 6 provides an overall view of the effect of mass growth (∆ log 10 M ) on angular momentum change in samples of average spin values (0.035 ≤ λ < 0.038). The average value of D (or µ D ) does not deviate much from D c (vertical dotted line) except in major-merging cases (0.15 ≤ ∆ log 10 M < 0.2). The major merger significantly increases halo spin, while accretion (or minormerger) is unlikely to produce a significant systematic change in spin for a halo. The standard deviation in the accretion mode seems to be anti-correlated with ∆ log 10 M , but the significance of the anticorrelation is a bit relaxed when weighted with the mass change (like D × ∆ log 10 M ) to update the halo spin (see Eq. 9). the spin random walk (Eq. 9) may converge to a characteristic spin value where µ D crosses D c . If we define λ c as a characteristic spin as µ D (λ c ) = D c , an the asymptotic state of the spin distribution is produced with a width depending on the shape of P (D) at λ = λ c . Virtually every mass sample shows a negative slope, and the range of the characteristic spin is 0.01 λ c 0.05. A more massive sample tends to have a lower value of λ c .
If µ D < 0, then the rotational axis (J ) of the halo and the direction of the orbital angular momentum (L) of infalling matter tend to be anti-correlated. However, if 0 < µ D < D c , then those two vectors show a positive correlation, while the mass increase is more dominant than the angular momentum increase; as a result, the halo spin decreases (see Eq. 2). If µ D > D c , then these two vectors show a strong correlation, and halo spin tends to increase accordingly. Therefore, a positive correlation between two angular momentums does not always increase the halo spin depending on the amount of angular momentum change.
The behavior of µ D (λ) may shape a so-called asymptotic state of the spin distribution. If a halo spin is significantly larger or smaller than λ c , then the halo may experience a kind of pressure toward λ c ; as a result, the halo spin tends to move toward λ c . Therefore, the value of λ c plays an important role in guiding the spin evolution. Of course, all halos do not immediately jump to λ c but show a spread over a certain range of λ around λ c , which is regulated by the shape of P (D|λ = λ c ). More massive halos tend to have lower λ c , which means that lower spin values are preferred in more massive halo samples. This is consistent with recent findings for massdependent spin distributions (Antonuccio-Delogu et al. 2010; Knebe & Power 2008; Bett et al. 2007) . Figure 8 demonstrates how the characteristic spin (λ c ) has varied with the infall mass ratio (∆ log 10 M ) in recent epochs (0 ≤ z < 0.2). Broadly speaking, the halo spin tends to increase as the local density increases and accretions are less likely to increase the spin value as much as major mergings at the same local density; meanwhile, a less massive halo tends to have a larger spin value at the same mass increase (∆ log 10 M ). In void regions, halos have the lowest value of λ c . From this description, we conclude that µ D in lower density regions tends to be lower than that in higher density regions (or less-aligned infall directions), and accretion may favor a less biased infall direction lowering the characteristic spin. Also, smaller cluster halos tend to have more aligned mass infalls (or a higher value of λ c ) than larger cluster halos. The environmental dependence of λ c is more clearly observed in the case of higher ∆ log 10 M .
The redshift dependence of λ c can be observed by comparing Figure 8 (0 ≤ z < 0.2) with Figure 9 (2 ≤ z < 3). The dependence of λ c on the halo mass at a given local density is relatively negligible, especially for major merging at high redshifts. Overall, λ c values at 2 ≤ z < 3 are lower than those for 0 ≤ z < 0.2 cases, especially for ∆ log 10 M > 0. The environmental dependence becomes stronger at lower redshifts.
We consider the frequencies of two infall scenarios (accretion or major merging) in Figure 10 . Accretion (0 ≤ ∆ log 10 M < 0.1) at low redshift (0 ≤ z < 0.2, left panels) is more frequent than at the higher redshift (2 ≤ z < 3, right panels). Moreover, halos in less dense regions at low redshifts are likely to have less frequent major-merging events; this environmental dependence is not observed at high redshifts. Therefore, we conclude that major-merging events subside with time, and this tendency becomes stronger in lower density regions. This may be due to the accelerating expansion of the universe at lower redshifts. The acceleration may reduce the number of major-merging events; therefore, accretion would be a dominant source of mass increase in recent epochs. Lower-density regions, especially voids, may suffer more seriously from such acceleration.
Random Walk and Correlated Mass Infall
We need to clarify two confusing terms: random walk and correlated (or biased) infall. In this study, a random walk means that the angular momentum change at a given merging step is purely stochastic, obeying the distribution of D. However, the D distribution (or P (D)) has, in most cases, has a finite mean value: a positive bias (µ D > 0) or negative bias (µ D < 0). The correlated infall direction indicates a preferential direction for mass infall with respect to the halo rotation axis (or its spin axis; see Appendix B for details) and does not conflict with the random-walk hypothesis.
Since µ D is finite (and mostly positive), the orientations of the orbital angular momentum of infalling matter are not perfectly random but are somewhat correlated or anti-correlated with the halo rotational axis (or the direction of the angular momentum vector). However, it should be noted that as the halo spin approaches zero, even a small amount of mass infall (or accretion) may significantly increase the halo spin value (|L| ≫ |J| ≃ 0), which may explain the sharp increase in µ D as the sample spin approaches zero (Fig. 7) .
An illustration of a spin random walk is a staggering walk taken by a drunken man. Consider a half-pipe with a U-shaped cross section and, then, a group of drunken men take a walk lurching forward along the bottom of the half-pipe without mutual collisions. Here, the shape of the cross section is not fixed, and the pipe is not like P (D), which varies with sample parameters. Therefore, the distribution of walker positions gradually changes to adjust itself to the cross-sectional shape of the half-pipe, and the majority of walkers are distributed near the bottom of the pipe (λ c in the halo spin walk). In the next section, we investigate the results of spin random walks and the effects of various parameters on the shape of spin distributions.
RANDOM EVOLUTION OF HALO SPIN
In this section, we will show how well the stochastic model reproduces distributions of halo spin measured from N -body simulations. The change in angular momentum is expected to be a random process with a distribution that has a bimodal Gaussian form. We assume that the spin change in each time step is independent of the previous history (a Markov process; see Bond et al. 1991 for an example applied to halo mass function) and is completely determined by the current physical status. However, it is possible that subsequent infall events can be correlated with previous events. For example, consider successive mass infalls through a local filamentary structure. In this case, the random-walk hypothesis is not satisfied. We will discuss possible correlated infalls in the latter part of this section.
Stochastic Model of Spin Evolution
First, we choose a mass history from simulated main merger trees. The initial spin value is set to λ 0 = 0.01. At each merging step, we identify P (D) of a subsample with parameter ranges enclosing the current halo mass, spin, mass change, local density, and redshift. Then, from the identified P (D) we randomly generate a value of D rand . From equation (9) with D rand , we calculate the change in spin (∆λ) and update the spin value. In the next merging step, we iterate the same process but with the updated spin value. The resulting spin value (λ f ) at the final redshift is obtained as
5.2. Effect of Halo Mass on Spin Distribution Now, we obtain the spin distribution produced by the stochastic random walk and compare it with that of N -body simulations. Figure 11 shows the results with randomly generated spin distributions (blue histogram) against N -body simulated distributions (red histogram) in four mass samples. The randomly generated spin distributions at z = 0 are similar to the simulated distributions with a slight shift to higher λ, and this difference is observed in every mass sample, although the difference is negligible at higher redshift.
In Table 4 in Appendix F, the log-normal fitting results for randomly generated and simulated spin distributions are given with a mean value, standard deviation, and χ 2 /degrees of freedom (dof). This difference is more clearly shown in Figure 12 , where the blue and red histograms are the distributions of the random and simulated spins at z = 0, respectively. The green curve is a Gaussian fit to the simulated spin distribution. Before jumping to a detailed comparison, it would be valuable to note that N -body-simulated halos overpopulate at the high-λ tail (the same feature is also observed for the generated spin distributions) compared to the log-normal fitting (solid curve), which has also been found in other studies (Bett et al. 2007; Shaw et al. 2006) , unless a correction is applied to the halo samples (Davis et al. 2011; Shaw et al. 2006 ). In Figure 13 , we show the difference (δ P (λ) ≡ (P r − P s )/P s ) between the simulated (P s ) and randomly generated (P r ) spin distributions. The differences increase as redshift decreases, while deviations in the randomly generated spin distributions at z = 0.5 and 2 are confined within about 10-15% error.
Environmental Effect on Spin Distribution
If a spin walk is well described by the Markov (or random) process and a sufficient number of trials are performed to suppress the Poisson error, then the Nbody-simulated and randomly generated spin distributions should be basically equal to each other. Therefore, a subtle failure in recovering the simulated spin distribution at lower redshifts, as seen in Figure 11 , may imply a possible limitation of the stochastic model.
A possible explanation for the mismatch of spin distributions between the simulation and the stochastic model is correlated mass merging, which means a subsequent mass infall changes the angular momentum of a halo in the same direction. Then, a set of D rand s in the successive infalls may not be random but correlated. This correlated mass merging could be a function of local environment. In void regions, halos are likely to have fewer major mergers, while those in cluster regions may experience more frequent heavy mass infalls (see Fig. 10 ). Because it is believed that major mergers frequently occur when clumps of matter fall along filamentary structures, the number of filaments connected to a halo determines whether or not the spin walk is random. In void regions, filamentary structures are relatively rare and void halos tend to have a small number of filaments around them, which means that subsequent major mergers may occur along a smaller number of filamentary structures. Figures 14-16 show the environmental effect on spin distribution at three redshifts. In Table 5 of Appendix F, the log-normal fitting results are listed. We clearly see that a randomly generated spin (blue histogram) tends to substantially overestimate the halo spin of the N -bodysimulation in lower density regions.
For the group and cluster samples, the difference in spin distributions between the simulation and the stochastic model is relatively small. However, with time the difference increases with time and the group sample begins to show such a discrepancy at z = 0.
Since a massive halo is likely to be located in a knot (interconnection) of local filamentary structures, the probability of successive major mergers along a single filament is low (the next major merger may occur with another filamentary structure). Therefore, it would be interesting to determine whether the randomly generated halo spins of more massive samples have a distribution similar to that of the N -body simulation. In Figure 17 , we show the generated spin distributions of a massive sample of 6 ≤ M 12 < 10 in different local environments. No substantial difference is shown even in void regions. Therefore, it is quite reasonable to believe that massive halos tend to show random evolution in spin.
In these figures, the halo spin distribution depends on the local environment; denser regions cause halos to rotate faster, which is also confirmed in Figure 8 (λ c is higher in a denser region). Also, most of the spin samples show log-normal distributions, except for the cluster samples at z = 0, where the distribution has a slightly fat tail at larger λ. This may be due to unrelaxed halos in cluster regions where violent mergers are so frequent that cluster halos do not have sufficient time to transfer angular momentum to outside and finally to be virialized.
MARKOVIAN AND NON-MARKOVIAN PROCESSES
Throughout this paper, the stochastic model we adopted assumes that the spin walk can be described by the Markov process, which requires that a random walk be memoryless or independent of previous states. Therefore, it is important to determine whether the spin walk observed in N -body simulations is really random (Markovian) or not (non-Markovian).
Autocorrelation between Neighboring Mass Events
One of the easiest ways to verify the correlation of two separate events in a halo merging history is to measure the autocorrelation (or serial correlation) between a pair of events in a main merger tree line. The first-order autocorrelation of two mass events of i and j is
where w is a weight, D is randomly generated by the stochastic model or provided by simulations, µ is the mean, and σ is the standard deviation of the probability distribution of D. In this analysis, we adopt w i = |∆ log 10 M i | and define the lag-k autocorrelation as
where W pair = w i w j and the summation is performed over all possible lag-k pairs of events in a halo history to redshift z. Only a relative comparison is possible because the time interval between a lag-k pair changes. Using 100 random realizations of P (C k ), we statistically measured the deviation of the autocorrelations of N -body data from random expectations. The probability distribution of a lag-one autocorrelation is shown in Figure 18 for halo samples of 1 ≤ M 12 < 2 in four local-density regions (colored symbols). The brown histogram is a mean expectation measured from the 100 random realizations. Even though the probability distribution of D depends on the local density, the autocorrelation seems to be indistinguishable between different local-density samples and even from the random model in this plot.
We also showed deviations between simulated correlations and the random model with δ P (C k ) ≡ (P s (C k ) − P <r> (C k ))/P <r> (C k ), where P s (C k ) is the simulated autocorrelation and P <r> (C k ) is the average of the 100 randomly generated autocorrelations. Figure 19 shows the results for a sample of 1 ≤ M 12 < 2. The shaded region depicts the 1σ distributions of the random model, and the symbols are measured from N -body simulations. It is easy to see the negative autocorrelations of C 1 at z = 2 and the positive correlations of C 2 at z = 0 with greater than 2σ confidence limits. We further investigated autocorrelations from C 4 to C 6 but found nothing substantially deviating from the random model. On the other hand, we could not detect any possible autocorrelations in the massive sample (6 ≤ M 12 < 10)). Most of the simulated autocorrelations are contained within 1σ random expectations (see Fig. 20 ).
Detecting substantial autocorrelations of C 1 at z = 2 and C 2 at z = 0 may provide a tangible clue for void ) and random-generated (blue) samples of local densities of ∆ρ 10 < 0.7, 0.7 ≤ ∆ρ 10 < 2, 2 ≤ ∆ρ 10 < 10, and 10 ≤ ∆ρ 10 < 100. The green solid curve in each panel is a log-normal fit to the N -body spin distribution. discrepancies between the simulated and generated spin distributions. Correlated infall events may cause void halos to have smaller spin values, but we are unable to detect any environmental dependence in the correlation figure. However, considering the frequent major merging of cluster halos, an autocorrelation could easily be counterbalanced by other major-merging events. However, the void halos have little possibility of another major merging.
Origin of the Log-normal Distribution of Halo Spin
In this subsection, we demonstrate that the log-normal distribution is a natural consequence of the stochastic differential equation in the stochastic of halo spin. In many studies, simulated spin distributions in various mass samples consistently show substantial deviations from the log-normal form in the high-λ tail. However, no serious deviations are found as long as a mass sample is further divided into local-density subsamples. As shown in Figures 14-16 , the log-normal fitting functions (green curves) seem to describe well the simulated spin distributions (red histograms) in various local environments, except for cluster regions at z = 0. Now, consider a one-factor model of the Markov process or the model of Geometric Brownian Motion (GBM; Ross 2010), which has a stochastic differential equation
where θ describes the long-term drift of the system, σ c is a constant, and W τ is a kind of normally distributed Wiener process or W τ ∼ N (0, τ ) where N (0, τ ) denotes the normal distribution with a zero mean value and a variance of τ . From the properties of the Wiener process such as (W τ2 − W τ1 ) ∼ N (0, τ 2 − τ 1 ) for τ 2 ≥ τ 1 , we obtain Fig. 18. -Example of the probability distribution of C 1 (Eq. 18) in a sample of 1 ≤ M 12 < 2 at z = 0. The symbols are distributions measured with the spin history of the N -body halo sample with ∆ρ 10 < 0.7 (green), 0.7 ≤ ∆ρ 10 < 2 (magenta), and 2 ≤ ∆ρ 10 < 10 (blue). The histogram shows the mean distribution of 100 random generations in the sample of ∆ρ 10 < 0.7. the probability distribution of dW/dτ as (20) where the statistical relation of N (µ, σ 2 )/a = N (µ, σ 2 /a 2 ) is used. Thus, the probability distribution of dW τ /dτ is a normal distribution with a zero mean and a variance of 1/dτ . The Wiener process has the following properties:
According to Itō's formula (Movellan, J. R. 2011), we may linearize the change of log λ as
where we used the relation dλ = λ(θdτ + σ c dW τ ) (from Eq. 19) and dW τ 2 = dτ (Eq. 22), and ignored the higherorder terms of dτ . By integrating the above equation, we finally obtain
Now, one can understand that the logarithm of the stochastic process λ follows a Wiener process with a standard deviation of σ c and a corrected long-term drift of Øksendal (2000) for details). If W τ does not have a normal distribution, then we may not obtain a logarithm of the randomly distributing quantity. For example, if W τ has a probability proportional to −τ or −τ 2 , then the resulting distribution would be exponential or Gaussian, respectively. -Randomness check by the measurement of autocorrelations, C 1 (left panels), C 2 (middle), and C 3 (right) in the sample of 1 ≤ M 12 < 2 at z = 0 (bottom panels) and 2 (top). The three gray levels in the regions are the 1-σ distributions of 100 random generations for ∆ρ 10 < 0.7 (outer gray region), 0.7 ≤ ∆ρ 10 < 2 (middle), and 2 ≤ ∆ρ 10 < 10 (innermost) with corresponding N -body estimations plotted with green, magenta, and blue circles, respectively. Fig. 19 but for the massive samples of 6 ≤ M 12 < 10. Due to the smaller sample size, the 1-σ scatter of the random sample is larger than that of the sample of 1 ≤ M 12 < 2.
We now attempt to combine the right two right-hand terms in equation (19) 
After changing variables as τ → log 10 M and D → D − D c , we can find an analogy between the GBM and the angular momentum change, D (see Eq. 9). Although the overall distribution of D is better fit by the bimodal Gaussian, the distribution around a peak can be well modeled by a single Gaussian peak because the two Gaussian components have nearly the same center in most samples, and we may simply approximate P (D) around the peak as a normal distribution. The minor Gaussian component with a broad width is mostly needed to describe the fat tails on both sides. Consequently, the distribution of log 10 λ follows the normal process, which means that the spin distribution of λ should accordingly be log-normal. If the centers of two Gaussian components are well separated, or the minor Gaussian component is comparable to the major one, then the resulting distribution of log 10 λ may show a considerable deviation from the normal distribution.
Here, we need to address the validity of the application of the GBM model to spin evolution before jumping to a conclusion, and thus we test whether the halo spin change satisfies two prerequisites of the GBM model:
• θ (or µ D ) should depend only on τ (or log 10 M ); and
To qualitatively assess the first condition, Figures 3, 4 , 5, and 6 show that there is no significant change in µ D with different redshifts, local environments, or infall mass ratios, except for major-merging events, in which case a substantially larger µ D is obtained. Consequently, one can easily see the mass dependence in Figure 7 . The second condition might be related to the temporal resolution affecting the mass infall ratio. Now, we investigate the following relation:
where σ c is constant with respect to ∆ log 10 M as long as the second requirement is satisfied. In order to obtain a log-normal distribution of λ, σ −1 D should be linearly scaled to the change in halo mass. As shown previously, the spin distribution has a mass and environmental dependences, indicating that the distribution is not stationary but evolves with the halo mass. However, halo environments do not change substantially over cosmic time since a halo does not generally move a great distance ( a few Mpc). Hence, it is sufficient to examine the relation between σ −1 D and ∆ log 10 M in the same environment. Figure 21 shows the change in σ −1 D over a range of infall mass ratios at z = 0. The measured relation substantially deviates from a single power-law scaling but we can divide the range of ∆ log 10 M into three regions: ∆ log 10 M < 0.03 (quiet accretion), 0.03 < ∆ log 10 M ≤ 0.1 (strong accretion), and ∆ log 10 M > 0.1 (major merging). Each region, except for the strong accretion mode, has its own power-law relation of σ
1/2 . The major-merging mode and quiet accretion mode have different variances in that the major-merging mode has a higher value of σ c . This implies that the major merger mode has a relatively larger stochastic walk size than the quiet accretion (see Eq. 19). The transition (or strong accretion) mode (0.03 ≤ ∆ log 10 M < 0.1) does not seem to satisfy the assumptions of the GBM model. Now we conclude that even though there exist limitations in applying the GBM model to spin evolution, the spin walk is well described by the GBM model and, consequently, the resulting spin distribution follows the log-normal function.
CONCLUSIONS
We concluded that the spin distribution is well described by a random walk of angular momentum. Halos in lower density regions in recent epochs present some failures. This may be due to correlated major-merging events (see further discussions in Appendix B and C). The log-normality of the spin distribution is found to be a consequence of the stochastic random walk, and most density samples show log-normal distributions of the halo spin. Only a small departure is found in the cluster samples at z = 0, mainly because a fraction of halos are not yet relaxed. We found that the angular momentum of a halo is likely to increase after merging, and the spin distribution depends on the sample mass. If the sample mass is higher, then the average spin value decreases. The simulated log-normal distribution of the spin is well recovered by the stochastic model with bimodal Gaussian distributions of angular momentum change.
In the standard ΛCDM model, the universe has undergone a recent accelerating expansion, making it difficult to pull nearby material into a local shallow gravitational center. Compared with the flat Ω m = 1 model, the ΛCDM model has prominent filamentary structures lacking many small and faint structures that could be easily destroyed by the recent cosmic acceleration. This effect is even stronger in void regions where the mass evolution was already halted at higher redshifts. Therefore, the cosmological effects may leave clear evidence in the spin evolution of void halos and mean-field halos at lower redshifts (0.7 ≤ ∆ρ 10 <2; see the top-left panel of Fig. 16) .
Because of the bimodal Gaussian shape of the angular momentum change in the stochastic model, one may raise the question of the possible existence of another hidden parameter for subsampling merging events to measure P (D). By introducing another parameter, a simpler distribution shape may be obtained. A bimodal Gaussian shape could be obtained through a possible correlation among spin walks, which seems to be significant in void regions and in mean fields. This may explain the deviations in halo spin distributions from the log-normal distribution.
In this study, we directly adopt the simulated mass evolution for the halo mass change (∆ log 10 M ). There are several models for the mass merging based on the EPS formalism (Press & Schechter (1974) for the classical and Bower (1991); Bond et al. (1991) ; Lacey & Cole (1993) ; Kauffmann & White (1993) ; Mo & White (1996) ; Sheth & Lemson (1999) Jiang & van den Bosch (2014) for variant EPS models), which can also provide us the probability of merging phases (major merger or accretion) between time steps. Since our stochastic model may discriminate between the effects of accretion and major merging in spin distributions, we may check whether the variant EPS models may produce proper probability distributions of ∆M/M compared to simulated ones for a given time step. In Appendix G, we show the roles of major merging and accretion in shaping the spin distribution in detail by adopting a toy model with fixed the mass-merging ratio and how much the mass-merging history generated by the classical EPS model predicts different spin distributions from the N -body simulated ones. α(z) deserves more investigation because its effect on spin distribution is not negligible. The cosmological contributions to log-spin change with a mass increase in ∆ log 10 M are −0.008 α(z)∆ log 10 M < 0 in most redshift intervals of merging data. So, even though its contribution is neglected, spin error is less than 1%. But, the error accumulates over the number of merging steps and may substantially change the spin distribution. Figure 22 shows how the spin distribution changes when the α(z) term is neglected in the random walk process. The generated spin distribution is substantially shifted to higher λ, which demonstrates the sensitivity of spin walk to such a very small value or possible error in fitting P (D) and how large the sample size should be to suppress this kind of a noise effect. However, this does not guarantee that we may determine the cosmological model from the measured spin distribution because the measured P (D) in this analysis may differ in different cosmological models.
ANGLE ALIGNMENT BETWEEN ROTATIONAL AND ORBITAL ANGULAR MOMENTA
It would be interesting to examine the angle alignment between the rotation (J ) of a halo and the orbital angular momentum (L) of infalling matter. If they are positively or negatively aligned, then the rotational angular momentum of a halo is expected to increase or decrease, correspondingly. Therefore, this analysis is complementary to the work on the change in angular momentum (D). In this section, we study two infall modes: accretion (0 ≤ ∆ log 10 M < 0.1) and major merging (∆ log 10 M ≥ 0.1). The angle between two vectors is measured by
Figures 23, 24, and 25 show the probability distribution of θ ∆ in halo samples of 0.03 ≤ λ < 0.05 (low-spi), 0.01 ≤ λ < 0.03 (average-spin), and 0.05 ≤ λ < 0.3 ( high-spin), respectively, for two mass-merging modes (the accretion in the left and major merging in the right panels). In the accretion mode, the low-spin halos (Fig.  24 ) are likely to have slightly negative correlations with θ ∆ (anti-aligned), while average-spin halos tend to have a slightly positive alignment, and high-spin halos (Figs. 23 and 25) have a strong positive alignment. On the other hand, in major-merging mode, the low-spin, averagespin, and high-spin samples show negative, random, and positive correlations, respectively. If two angular momentum vectors are anti-aligned, then a halo's rotational angular momentum (J ) is reduced and, consequently, its spin value is lowered. Therefore, a halo with an average spin value is likely to have a slightly positive correlation to offset the negative drag term (−5/3), while a high-spin or low-spin halo tends to have positively or negatively aligned mass infalls, respectively. Then, the alignment of two vectors and the value of a halo spin are closely correlated with each other, producing a high spin value, and vice versa.
ANGLE CORRELATIONS BETWEEN MASS EVENTS
This section discusses testing to determine whether or not the directions of the orbital angular momenta of infalling matter in two events are correlated. The angle between the orbital angular momenta in the ith and jth events is defined as
and we apply a weighting of w i = ∆ log 10 M placing more weight on major-merging pairs. We only consider j = i + 1 cases. Figures 26-28 show the directional correlations of the slowly, mildly, and fastly rotating halos, respectively. In the figures, there is no explicit dependency on environment. Slow-rotating halos show a negative correlation (anti-aligned) with regard to the direction of L between two successive events, which explains why they are slowly rotating. However, some interesting features can be found in the mildly and fastly rotating samples, which develop a strong anti-correlation at lower redshift (z ≤ 1; bottom-left panel of Figs. 27 and 28) . This may curb the development of spin as a whole and may explain the reason why void halos seem to have a non-Markovian walk of D. Halos in denser regions are expected to experience frequent major mergers. Thus, even though there is anti-alignment between two steps, the many other major merger events violently erase the memory of previous anti-correlations. Therefore, the superpositions of multiple anti-correlations are completely mixed and may result in a random-like process. However, void halos tend to experience relatively few major mergers, and the effect of anti-alignment in a rare pair of merging events may survive for a longer time. This may explain why void halos are not properly described by the stochastic random walk of D. We discuss the number of major mergers a halo may experience during its life time in Appendix E. 
AUTOCORRELATIONS BETWEEN MAJOR MERGERS
We estimate the autocorrelation between a pair of nearest major merger events to determine whether substantial amounts of correlation could be detected. In this case, we only consider autocorrelations between major merger events. The deviations of autocorrelations be- tween major mergers (C mm ) are shown in Figure 29 for several redshifts. In this figure, major merger autocorrelations at high redshifts (z ≥ 2) are equivalent to the random distributions, while weak positive correlations are detected (≃ 1σ) at lower redshifts. More massive samples do not show any positive or negative correlations, as seen in panel (b) of Figure 29 . Therefore, in this plot, we are sure that there is no substantial autocorrelation between major mergers.
NUMBER DISTRIBUTIONS OF MAJOR MERGERS
We determine the distribution of major merger frequency in each halo sample at z = 0 to confirm our argument that void halos experience fewer major merg- ers, which may explain the deviations of the stochastic model prediction from N -body spin distributions. In Figure 30 , we show the number of major mergers (N mm ) per halo with masses 1 ≤ M 12 < 2 (a) or 6 ≤ M 12 < 10 (b). In the sample of 1 ≤ M 12 < 2, the number difference between halos in different environments is not severe at higher redshift (z ≥ 2), while, at lower redshifts, less dense samples clearly show fewer major mergers. However, more massive samples (b) show nearly negligible deviations from each other, demonstrating noticeable differences only at z = 0. The peak number of the N mm distribution is four, while it is three at higher redshifts (z ≥ 4). Therefore, we conclude that the correlated random walk seen in void regions may be a joint effect of the major-to-major merger autocorrelation and the smaller number of major mergers in less dense regions. It is interesting to find that a significant fraction of halos in cluster regions do not experience a major merger event during their lifetime (5% of halos with 1 ≤ M 12 < 2 and 1 % of halos with 6 ≤ M 12 < 10). Also, the fraction of cluster halos needed to prohibit a major merger event after z = 1 is significantly higher than that of halos in lower density regions.
STATISTICAL PROPERTIES IN THE SPIN DISTRIBUTION
In this section, we present the means and standard deviations of spin distributions from N -body simulations and random generations together with fitting results to a log-normal function with least χ 2 . See Tables 4 and  5 . The mean value of the halo spin increases with local density and redshift. The difference between N -body and random simulations increases as local density decreases.
EFFECT OF MERGING MODEL ON SPIN DISTRIBUTION
In this section, we demonstrate the effects of major merging and accretion on the spin distributions in a simple toy merging model. The mass increase is parameter- Note. -The mean and standard deviation of the halo spin from N -body simulation and random generation. Also, we list the least χ 2 obtained during the log-normal fitting. ized as
where β is set constant over the halo mass evolution. The number of time steps is, therefore, determined from the input value of β for given initial and final halo masses. In the top right panel of Figure 31 , we observe that a higher value of β makes the spin distribution move to a higher λ. However, the actual mass growth is a spectrum of ∆M/M with a certain probability distribution and this shapes the spin distributions found in simulations. Next, we test whether the mass accretion histories derived from the classical extended Press-Schechter (EPS) formalism may give a probability distribution of ∆M/M comparable to the simulated ones. We generate merging trees according to the EPS merging model of the spherical top-hat collapse (Lacey & Cole 1993) . The conditional probability of a progenitor to have a density contrast of δ c (t 1 ) at the smoothing scale of M 1 is (Jiang & van den Bosch 2014) f SC (S 1 , ω 1 |S 0 , ω 0 ) = 1 √ 2π ∆ω ∆S 3/2 e − ∆ω 2 2∆S ,
where ∆S ≡ S 1 − S 0 , S i ≡ σ 2 (M i ), ∆ω ≡ ω 1 − ω 0 , and ω i ≡ δ c (t i ) for t 0 > t 1 . Using this equation, we generate the 100,000 random mass-merging trees and follow the stochastic spin changes for several halo mass samples (see Fig. 31 ) at z = 0. In the figure, the EPS model predicts that the spin distributions will shift to higher values of λ, but this tendency is smaller for larger mass samples. This means that the spectrum of merger rates from the least accretion to most-massive major merger modeled by the classical EPS model may be different from N -body results. Thus, the results suggest that it would be interesting to test whether other variant, and certainly more advanced, EPS models that have been well known to provide halo mass functions consistent with simulations may also produce spin distributions similar to those from N -body simulation by adopting this stochastic modeling.
